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X
HWYoU?Yc>S'LVUVaHMUO^;JI>jYRQ=UVJMJI>jnSc9> 	  "#?UOacHWUV^;JM>=YLO
c
UOGn
A
 8'9;>
LPm0>=aUVScHMLOGUOJY\>=<UOGhScHWQRY'HWYon>?CG>=nHIGS9;>
YeSe[]JM>KLV%Sc9;>~f:7 J H . z)0&^][U?ScaiUVG0Y\HIScHMLOGY\[Y\Sc>=<#¡o9;HWQi9
n;Lh>jYG;LOSbSiU
=O>THIGhScL~UOQRQRLOX;GhS Ycm.>=QHC0QT>RUVJMXUSHILPGYeSaUVSc>=NOHM>=Y= %8'9;>; S^  SL
	; <
S^ #$#
≡
HWYbSc9;>
JM>=UPYeS?QLOGNOaX;>RGQR>YcUVScHWYe«[]HMG;NxSc9>acXJI>jY
LV'SiUV^;JM>z;  KLOa~QRLOG]O>=G;HM>RGQR>9;>Ra>OUVGn¥XG;JIH@=O>HIG .M{O{?02
S9;>FJILPNOHWQRUVJ0>=_hX;HMUVJM>RGQR>gLO%QLPGYeSaUOHIGhSiYHWY GLVS ^X;HIJIS\©HMGHMGS9;>FQRLOG;NPacX>RGQR>O   >F¡oacHISc>
Γ, ∆, ...
«LOa
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J NO>=GPSiY
A ::= p(~x) | tell(c) | (A ‖ A) | A + A | ∃xA | ∀~x(c → A)
 g>=QRJMUOaUVScHMLOGY
D ::= ε | p(~x) = A | D,D`bacLPNOaiUV<
P ::= D.A
α
¯~± 0­  6± z 6∈ fv(A)
∃yA ≡ ∃zA[z/y]
    ­  ±  , 
A ‖ B ≡ A, B
  	   ­   ­ (X ; c; Γ) ≡ (X ′; c′; Γ′) −→ (Y ′; d′; ∆′) ≡ (Y ; d; ∆)
(X ; c; Γ) −→ (Y ; d; ∆)

 ­  
(X ; c; tell(d), Γ) −→ (X ; c ⊗ d; Γ)
 c `C d[~t/~y] ⊗ e
(X ; c; ∀~y(d → A), Γ) −→ (X ; e; A[~t/~y], Γ)
  ²   y 6∈ X ∪ fv(c, Γ)
(X ; c; ∃yA, Γ) −→ (X ∪ {y}; c; A, Γ)
  ±  ­ ² % ­ O  , (p(~y) = A) ∈ D
(X ; c; p(~y), Γ) −→ (X ; c; A, Γ)
	 ± O  ±   ­
(X ; c; A + B, Γ) −→ (X ; c; A, Γ)
(X ; c; A + B, Γ) −→ (X ; c; B, Γ)
8%UO^;JI>Kz <fof Yc[]GhSU¢UVGnLOm.>RaiUSHILPGUVJYc>R<UVGhScHWQRY= 
<~X;JIScHWY\>RSYgLVUVNP>RGhSYTHIGuQRLOGC0NOX;aiUSHILPGYR Tf LPG;NOaX;>RG0Q>KHWYl>¢]S>RGn>jnScL<BX;JIScHWYc>SYgLVUONO>RGhSiYlHMGxSc9;>
LP^]hHMLOX0Yl¡'U[<
Γ ≡ Γ′
H;
Γ = {A1, . . . , An}

Γ′ = {A′
1
, . . . , A′
n
}
UVG0n
∀i = 1, . . . , n

Ai ≡ A
′
i
 
8%¡L¥QRLOGC0NOX;aiUSHILPGYUVa>xYcUOHMn ; <
S^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(2
(X ; c; Γ) ≡ (X ′; c′; Γ′)
'¡o9;>=G Sc9;>¨Yc>SiY
X
UVGn
X ′UOac>>j_PX0UVJ2ZSc9>QLOG0YeSaUOHIGhSY
c
UOGn
c′
UVa>
C
2>j_hX;HIUOJI>=GPSj&UVGnS9;><BX;JIScHWYc>SYBLVoUVNP>RGhSY
Γ
UOGn
Γ′UOac>
QRLOG;NPacX>RGhS= '8'9;>  SL ^ 
ac>=JMUVScHMLOG
−→
HWYoS9;>BJM>=UPYeSoSaUOGY\HIScHMO>Ka>RJWUSHILPGLOG¨QLPGCNPX;aUVScHMLOGY
YUSHMY\«[]HIGN~S9;>KaX;JI>jY'LV%SUV^JI>
z 
 >K¡oHIJMJ&Q=UVJMJ ;S#'LVU?QRLOGC0NOX;aiUSHILPG
(X ; c; Γ)
Sc9;>
QRLOGY\ScaiUVHMGhS
∃Xc
 
VWVYXZ![?\^]^]
s (	 )
 	7
    
π
    
GS9;HMYgY\>jQSHILPG¡>KNOHMO>KUOG>=GQLnHMG;NLO%S9;>BUOYc[]GQi9;aLOG;LPXY
π
©Q=UVJWQX;JMXY'HMGPSLfofg«LPJIJML¡oHMG;NSc9;>
HWn>jUOYLO . @Os)02]9;L¡>RP>Ra ¡>TnL
GLVS G>R>=n9>Ra>oScL~ac>jY\LPa\S SL
9;HMNO9;>=abLOain>=a= %Gn>R>jnSc9>Ra>lHMYUKLPG;>oScL
LPG;>~QRLOaac>jY\m.LOG0n>RGQR>K^0>RSe¡ >=>RG
π
©Q=UVJWQX;JMXYoUVG0n¨fof LPm0>=aUVScLOaiY'S9USJI>jUOnSLUO>Ra[xY\HM<m;JM>~UVG0n
G0UScXaUOJ5ScaiUVGYcJMUVScHMLOGZ 
 G;>Y\9LOX;JWnKG;LOSc>S9US%Sc9;>XYcXUVJhQi9;LOHWQ>bHMY&ScLgXY\>UT	64$	=LOm.>RaiUScLPa«LOa%Sc9>bG;LPG©n;>Sc>=ac<HMG;HWY\< HMG
fofgOS9;HWY QRLOX;JWnUVJMJIL¡ UOG>RGQRLnHIGN
LV&U
QRLOaac>jY\m.LOG0nHIGNKLOm.>RaiUScLPa «LOabSc9;>
π
QRUVJWQXJIXYh9;L¡>RP>Raj
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SL #$'UOGn?HMYS9hX0Y G;LVS
UO^;JM>'ScLKa>Rm;JMHMQ=US> S9;>1< 	6 Q$
	VQi9;LOHWQ>oLO0S9;>
,Yc[]GQi9;aLOG;LPXY
π
QRUOJMQRX;JIX0YVSc9HMY HWY ¡o9][BLPG;JM[
Sc9>TYeSiUVG
nUVain ,n>RSc>=ac<HMG;HMY\ScHWQ= UPY\[]GQi9;aLOGLOXY
π
QRUOJMQRX;JMXY
¡oHMJMJ^.>Sca>=US>=n¦9>Ra>   G;><HINP9PSUVJWYcL¨¡UOGhSBScL£XYc>UuG;LOGY\SUVG0n;UVain¥O>=aYcHILPG¦LVgfofg%¡oHISc9
Yc[]GQi9;aLOG;LPXY
tell
UOGn
ask
9;L¡>RP>Ra Sc9UVS=]HMGnLVn>=QRHMYcHILPGZ^.>=YcHMn>jY'^0>=HIGN?XG;GUSX;aiUVJ,Yc>R><LPY\S
m0UVm.>RaiYTUV^.LOX;SFG;LPG©<?LPG;LVSLOG;HWQKP>RaiY\HMLOGYlLVfof . @Vs5z;{O.r{P{^0«l¡LOX;JWnxJM>=UPnScLU,UVHMJMX;ac>?Y\HM<HIJWUVa
SL?Sc9UVSl>RGQRLOX;GhSc>=ac>jnHMG2.I{j})0Z¡o9;>=GQRLO<mUOacHMG;Nfof ¡oHISc9Sc9>
π
©Q=UVJWQX;JMXY 
8'9;> >RGQRLnHIGNoLVSc9><>=YYcUONO>=YZHMYZSc9;> LOG;>YcX;NONP>=Y\Sc>jngHMG&. @Vs)0©LO^SiUVHMG;>=n^][UOn;n;HIG;NgUVJMJO<>=YYcUONO>jY
SL?Sc9;>
Y\ScLPac>KUVG0na>SacHM>R]HMG;NBS9;>R<^][<USiQi9;HIGN~S9;>
Qi9UOG;G;>RJG0UV<>O 
8'9;>BScaiUVGYcJWUScHMLOGHWYlNPHIP>RGHIG¨SUV^JI>
r0«LPalS9;> 7l>=ac^aUOGnxQLPGYeSaUOHIGhSTYc[YeS>R<UVGn¡oHISc9un;>=QJWU
aiUSHILPGY
D
 
[x̄z]
3
tell(msg(x, z))
[x(y)P ]
3
∀y(msg(x, y) → [P ])
[P | Q]
3
[P ] ‖ [Q]
[!P ]
3
bangP¡oHISc9
bangP = [P ] ‖ bangP
HMG
D
[(νx)P ]
3
∃x([P ])
8%UO^;JM>Fr < 8&aiUVGYcJWUScHMLOGLVSc9;>
UPY\[]GQi9acLPG;LOXY
π
QRUVJWQXJIXY'HMGhScLfof
8'9;HWYxQLP<m0LhY\HIScHMLOGUOJTSaUOGYcJMUVScHMLOG HWY^0LOSc9 Y\LPX;Gn3UOGn3QRLO<m;JM>S>£¡oHISc9ªa>=Ycm0>jQSScLSc9;>£Se¡L
SaUOGYcHSHILPGYc[YeS>R<Y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  ± , ±    ,±      ±   ² %­ j 
 -#
P
 
Q
Q$#^(;	S2
 
π
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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P −→
Q

	!# 
	!#SL# #" 
X, Γ
 
Q′
^ ;	 
	! 
(∅; 1; [P ]) −→∗ (X ; 1; Γ)

 
	 Q′ ≡ Q $ < 
 	( 
	!# S^	# !R ≡!R | R  
 (∅; 1; [Q′]) −→∗ (X ; 1; Γ) ^=< 
 	(	  < 
 #(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#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 ±Z±
	 
 >
a>=UOYcLOG^][Q=UOYc>KLOGSc9>
ac>jnXQScHMLOG
P −→ Q
 'koX;JM>=YB{
UVGnx@LO%SiUV^;JM>~@?9UP>KHI<<>=n;HMUVSc>
QRLOX;GhS>RamUVacSYFHMG¥fofgZG;LOScHMG;NSc9UVSBY\LP<?>LObS9;>m.LPYY\HM^;JM> 
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«LPac>KUOG  ;>=O>=GHI%S9;LPYc>Ka>=nXQ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HMG
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KLOa aX;JI>'z;VSc9;>   ²  aX;JI>'G;>=>=n;YSLg^.>lUVmm;JIHM>=nZV¡o9;HWQi9~HWYSc9;>'a>=UPY\LPG
¡ >onLG;>RS NO>S >R¢UPQSJI[
(∅; 1; [Q′])
 
KLOaoaX;JI>Fr¡>QRUVGYcHI<m;JM[a>R<UVa=?Sc9UVS'<LhYeSoaX;JI>jYLV&SiUV^;JM>
@BQRLOaac>jY\m.LOG0nScL~Sc9>
n>?CGHSHILPG
LO
≡
HMGufofg5>¢;QR>RmSFacX;JM>z;.9UVGn;JI>jn¨^][Sc9;>   ±  ­ ²& ­ O  , aX;JI>P.¡o9>RGuHISHMYgHIGuSc9;>?aHINP9PS
n;HIa>=QScHMLOGZLPaoJI>jUOnHMG;N~ScLSc9>
nHP;5>Ra>RG0Q>^0>RSe¡ >=>RG
Q
UOGn
Q′
LOSc9;>=ac¡oHWY\>P 

  ± , ±    ,±    ~±  ,  ­  ­ ­ = 
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P

Q
Q$#7)^(;	S2
 

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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(∅; 1; [P ]) −→∗ (X ; 1; Γ)
 
(∅; 1; [Q]) −→∗ (X ; 1; Γ)
^ < 
 	( 	  <MS^	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P −→∗
Q
#
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ko>jUOYcLOG;HMG;N^][uHMGnXQScHMLOG¦LPGS9;>JM>RG;NOSc9¥LVSc9>fofpac>jnXQScHMLOGZUVGnSc9>RG¦^][Q=UOYc>LOG£Sc9;>
JWUOY\STY\Sc>Rm&¡>KNO>STUOG>RO>=G<?LPac>
n;HIa>=QSTQLOaa>=Ycm0LPGn>RG0Q>FLOGQR>K¡ >
GLVScHWQ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=O>=G
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UB<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Qi90UVG;G;>=J
x
,H6  >O 
msg(x, z)

QRUVG¥>=GPSiUVHMJ Sc9>NOXUOan
∀y(msg(x, y) → A)
UVGnSc9]XYBX;G]^;JML]Q$=uSc9;>
ask
B;S9USgHbU  ­   acXJI>
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(X ; 1; Γ)
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Γ ` A ∆, A ` B
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Γ ` ⊥
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Γ, A, B ` C
Γ, A ⊗ B ` C
Γ ` A ∆, B ` C
∆, Γ, A ( B ` C
Γ ` A ∆ ` B
Γ, ∆ ` A ⊗ B
Γ, A ` B
Γ ` A ( B²²    0­ 
Γ ` A
Γ ` A ⊕ B
Γ ` B
Γ ` A ⊕ B
Γ, A ` C Γ, B ` C
Γ, A ⊕ B ` C
Γ, A ` C
Γ, A & B ` C
Γ, B ` C
Γ, A & B ` C
Γ ` A Γ ` B
Γ ` A & B
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Γ, A ` B
Γ, !A ` B
!Γ ` A
!Γ `!A
Γ, !A, !A ` B
Γ, !A ` B
Γ ` B
Γ, !A ` B
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Γ, A[t/x] ` B
Γ, ∀xA ` B
Γ ` A
Γ ` ∀xA
x 6∈ fv(Γ)
Γ, A ` B
Γ, ∃xA ` B
x 6∈ fv(Γ, B)
Γ ` A[t/x]
Γ ` ∃xA
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